A walk between two non-adjacent vertices in a graph is called tolled if the first vertex of is among vertices from adjacent only to the second vertex of , and the last vertex of is among vertices from adjacent only to the second-last vertex of . In the resulting interval convexity, a set ⊂ ( ) is toll convex if for any two non-adjacent vertices , ∈ any vertex in a tolled walk between and is also in . The main result of the paper is that a graph is a convex geometry (i.e. satisfies the Minkowski-Krein-Milman property stating that any convex subset is the convex hull of its extreme vertices) with respect to toll convexity if and only if it is an interval graph. Furthermore, some wellknown types of invariants are studied with respect to toll convexity, and toll convex sets in three standard graph products are completely described. * Work realized in the frame of MINCYT(Argentina)-ARRS(Slovenia) bilateral projects.
Introduction
Theory of convex structures has considerably developed in the last few decades; cf. the seminal monograph due to van de Vel [28] . Several classical theorems of combinatorial flavor on convex sets in Euclidean spaces have been studied in a more general context. In abstract convexity theory three axioms determine set as a convex space: (i) ∅ and are convex, (ii) intersection of any two convex sets is convex, and (iii) nested unions of convex sets are convex. All these axioms hold in particular for the so-called interval-convexities, where an interval : × → 2 has the property that , ∈ ( , ), and convex sets are defined as the sets such that ( , ) ∈ for any , ∈ , see Calder [7] . Intervals in graphs usually arise from some types of paths, like the shortest (also called geodesic) or the induced (also called monophonic) paths; see the recent monograph [26] on geodesic convexity in graphs. Some early influential papers in the area were published by Farber and Jamison [16, 17] , and Duchet [14] . They considered various types of graph invariants and other properties (like the Carathéodory, Tietze, Helly and Radon type theorems), which arise from the prototypical Euclidean convexity, in relation with geodesic and monophonic paths in graphs. Later several other types of paths and intervals were used, yielding other types of convexities, like the all-paths convexity [9] , the triangle path convexity [10] , the longest path convexity [11] , and many others (see Mulder [24] ).
In [16] the authors study the problem from the abstract convexity theory, which is some times referred to as Minkowski-Krein-Milman property or convex geometry property. Recall that a vertex from a convex set is an extreme vertex of , if − { } is also convex. A graph is called a convex geometry with respect to a given convexity, if any convex set of is the convex hull of its extreme vertices. An alternative definition of convex geometries, using the so-called anti-exchange axiom is also often used (cf. [1] , where convex geometries are studied in the context of lattices). In the case of monophonic convexity exactly chordal graphs are convex geometries, while in the geodesic convexity these are precisely Ptolemaic graphs (i.e. distance-hereditary chordal graphs). In a similar way, totally balanced hypergraphs and strongly chordal graphs have been characterized as convex geometries of some particular (hyper)graph convexities [16] . More recently, the so-called Steiner convexity was introduced, and it was shown that precisely 3-fan-free chordal graphs are convex geometry with respect to this convexity [6] .
In this paper we focus on the well-known class of interval graphs, i.e. the intersection graphs of the real-line intervals. Following the concept from [2] , where tolled paths were used in a characterization of interval graphs, we introduce the so-called tolled walks, which are walks, having a special restriction on their two end-vertices. In the resulting toll convexity the interval graphs are precisely the graphs which are convex geometry. Then we focus on two standard invariants, in relation with this newly introduced type of graph convexity (for a study of these invariants in relation with geodesic convexity see the survey [5] ). Finally, we describe the structure of toll convex sets in three graph products, which has also been done for some other types of convexities [3, 27] .
In the following section we present main definitions, needed in the sequel, in particular the definition of tolled walks and toll convexity. Then, in Section 3, we prove the main result that a graph is convex geometry with respect to toll convexity if and only if it is an interval graph. In Section 4 we study some invariants that arise from toll convexity, notably the so-called toll number and t-hull number. In particular, we determine these two numbers in arbitrary trees. Unlike as for the monophonic convexity (see [16] ) we prove that the Carathéodory number for toll convexity can be bigger than 2 even in chordal graphs. Finally, in Section 5, we give a full description of the structure of the proper convex subsets of three standard graph products, the lexicographic, the strong and the Cartesian product.
Basic and main concepts
Let be a graph (by which we mean an undirected graph without loops or multiple edges). The distance ( , ) between vertices , ∈ ( ) is the length of a shortest path (alias geodesic) between and in . The geodesic interval ( , ) between vertices and is the set of all vertices that lie on some shortest path between and in , i.e.
lies on an induced path between and } to be the monophonic interval between and in . In the resulting monophonic convexity a subset of ( ) is monophonically convex (or m-convex) if ( , ) ⊆ for all , ∈ . (Indices above may be omitted, whenever the graph is understood from the context.)
Next, we introduce the concept of toll convexity. Let and be two different non adjacent vertices in . A tolled walk between and in is a sequence of vertices of the form :
where ≥ 1, which enjoys the following three conditions:
• ∈ ( ) if and only if = 1,
• ∈ ( ) if and only if = .
In other words, a tolled walk is any walk between and such that is adjacent only to the second vertex of the walk, and is adjacent only to the second-tolast vertex of the walk. The name tolled arises from understanding that the edges 1 and may be passed only by "paying the toll" that no other vertex of the walk, except for 1 (resp. ), will be adjacent to (resp. to ). For ∈ ( ) we let : , be a tolled walk as well and the only tolled walk that starts and ends in the same vertex is itself. We define ( , ) = { ∈ ( ) : lies on a tolled walk between and } to be the toll interval between and in . Finally, a subset of ( ) is toll convex
Note that any vertex and any adjacent pair of vertices form a convex subset in any of the above convexities, as does the whole vertex set of a graph. Also, any toll convex subset is also monophonically convex subset, and any monophonically convex subset is also geodesically convex. On the other hand, for instance, a set of vertices inducing a 3 in 5 is geodesically convex, but not monophonically convex. To see that monophonic convexity is not the same as toll convexity, consider the graph obtained from 5 An interval representation of a graph is a family of intervals of the real line assigned to vertices so that vertices are adjacent if and only if the corresponding intervals intersect. A graph is an interval graph if it has an interval representation. See the monographs [4, 23] for more on interval graphs, chordal graphs and related classes of graphs.
Three vertices of a graph form an asteroidal triple, if between any pair of them there exists a path that avoids the neighborhood of the third vertex.
Theorem 2.2 [25] A graph is an interval graph if and only if it is a chordal graph with no asteroidal triple.
We start with two basic observations on t-convex sets that will be used several times in the paper. Recall that the set ⊂ ( ) separates a vertex ∈ ( ) from a vertex ∈ ( ) if every path from to passes through a vertex from . Note that as with other types of interval convexities in a graph , the intersection of t-convex sets is also t-convex. Hence the concept of t-convex hull of a set ⊆ ( ) makes sense. It is defined as the smallest set of vertices in that contains and is t-convex (alternatively, it is the intersection of all t-convex sets that contain ). As mentioned above, a vertex from a t-convex set of a graph is an extreme vertex of , if − { } is also a t-convex set in . The set of extreme vertices of ( ) will be denoted by ( ).
Interval graphs as convex geometry
In order to prove that a graph is a convex geometry with respect to some convexity, it is important to know what are extreme vertices of convex sets in that convexity. This is easy in the case of g-convexity and m-convexity, as the extreme vertices of a convex set are exactly the simplicial vertices with respect to this set. However, this is not always the case with t-convexity. For instance, let be the graph obtained from the triangle by adding two leaves, say, and , adjacent to two distinct vertices from the triangle. Note that the simplicial vertices in are both leaves and , and also the third vertex of the triangle, i.e. the unique vertex of degree 2 in . Clearly, ( ) is a t-convex set in , but is not its extreme vertex, since there is a tolled walk from to , which passes , implying ( ) − { } is not t-convex. Nevertheless, we can prove the following observation about extreme vertices. Proof. Since vertices , and form an asteroidal triple in , there exists a path from to such that none of its vertices belong to the closed neighborhood of ; also there exists a path from to , so that none of its vertices belong to the closed neighborhood of . We may assume that and are induced paths. Consider the walk from to , obtained by concatenating with . Since both paths are induced, is adjacent only to one vertex of and to no vertices of , and is adjacent only to one vertex of and to no vertices of . We deduce that is a tolled walk from to that passes . Clearly, lies in the t-convex hull of the set { , , }, and so is not an extreme vertex of . In an analogous way we prove that and are not extreme vertices of . Let be any vertex of , different from , and . If is an extreme vertex in , then − { } is also a convex set, properly included in , and containing , and . This is in a contradiction with being the t-convex hull of { , , }, thus is not an extreme vertex in . As was arbitrarily chosen, we derive that has no extreme vertices. □ [22] , usually more than one. A simplicial vertex of is called end-simplicial whenever it belongs to an end-clique of some canonical representation of . Figure 1 with as the designated vertex.
Theorem 3.3 ([19]) A simplicial vertex of an interval graph is end-simplicial if and only if contains as an induced subgraph none of the graphs in
It follows from Theorem 3.3 that every extreme vertex (with respect to toll convexity) of an interval graph is end-simplicial. We now prove that the converse of this statement is also true. 
Lemma 3.4 Every end-simplicial vertex of an interval graph is an extreme vertex with respect to toll convexity.
be a canonical representation of an interval graph , and let , and ∈ − be as in the statement of the lemma. Since is a maximal clique, there exists ∈ − −1 . We claim that is simplicial, and in order to obtain a contradiction, suppose that ∈ +1 . Since ∈ ∩ +1 ⊆ ( ) and / ∈ it follows that ∈ −1 which contradicts the choice of . Hence [ ] = and is simplicial.
Assume that is an end-simplicial vertex, while is not. It follows from Theorem 3.3 that has an induced subgraph isomorphic either to 1 or 2 depicted in Figure 1 , where is the designated vertex. Note that is an end-simplicial vertex of the graph ′ , obtained from by removing the vertices from (∪ ≥ +1 ) − ( ). Thus is not an induced subgraph of ′ , which means that some vertex of belongs to (∪ ≥ +1 ) − ( ). It is clear that is not adjacent to . On the other hand, since ∩ +1 ⊆ ( ), every path in (and thus in ) between any vertex of (∪ ≥ +1 ) − ( ) and (in particular, between and ) contains some vertex adjacent to both and .
We will consider two cases: is isomorphic to 1 or is isomorphic to 2 . In the first case, it is clear that = 2 and thus 2 is adjacent to . Since is simplicial, one of the three graphs depicted in Figure 2 appear as an induced subgraph in . As is an end-simplicial vertex of we get a contradiction with Theorem 3.3.
When is isomorphic to 2 , we get in an analogous way that 1 or 2 is adjacent to . Note that here it is also possible that both 1 and 2 are adjacent to .
First let be adjacent to 1 and to no other vertex , 2 ≤ ≤ , of 2 . Then vertices , ∈ {2, . . . , } and are contained in ′ , since there exists a path between any such vertex and that has no vertex adjacent to both and . This implies that the graph depicted in Figure 3 i), is an induced subgraph of ′ . Since is an end-simplicial vertex of ′ we get a contradiction with Theorem 3.3.
Now let be adjacent to 1 and to another vertex , 2 ≤ ≤ , of 2 . If is adjacent to more than one such vertex, then let be the vertex adjacent to with > 1 as big as possible. Hence the graph depicted in Figure 3 ii), is an induced 
Theorem 3.7 A graph is a convex geometry with respect to toll convexity if and only if it is an interval graph.
Proof. Let us assume that is a graph, which is a convex geometry with respect to toll convexity. We start the proof by showing that is a chordal graph, for which we use induction on the order of . The claim is trivially true, if has only one or two vertices. Let us assume that has vertices, and that the claim is true for all graphs with fewer that vertices. Note that ( ) itself (as all its t-convex subsets)
is the convex hull of its extreme vertices. In particular, this implies that ( ) has extreme vertices, and let be any extreme vertex of ( ). As is extreme, the subset ( ) − { } is also t-convex in , and so the graph − is a convex geometry (using that any subset of ( ) − { } is t-convex in − if and only if it is t-convex in ). Thus, by induction hypothesis − is chordal. By Lemma 3.1, is a simplicial vertex in , so is also chordal by Theorem 2.1. Now, we claim that has no asteroidal triples. Indeed, if there is an asteroidal triple in , then by Lemma 3.2, the convex hull of the triple has no extreme vertices. This readily implies that is not the convex hull of its extreme vertices, which is a contradiction with being a convex geometry. Thus is a chordal graph with no asteroidal triple, and so it is an interval graph, by Theorem 2.2.
Every convex subset of an interval graph induces an interval graph. Thus it suffices to show that ( ) is the convex hull of its extreme vertices. We will prove that every vertex of ( ) − ( ) belongs to a tolled walk between two vertices of ( ). Let and be twins. If is an extreme vertex, then also ∈ ( ). If 
Some invariants arising from toll convexity
In this section we consider some standard invariants with respect to toll convexity that have been extensively studied for other (graph) convexities. We first consider the so-called t-hull number and toll number of a graph, and at the end we give some remarks on the Carathéodory number with respect to toll convexity.
Recall that a set of vertices of a graph is a geodetic (resp. monophonic) set if every vertex of lies in a geodesic (resp. monophonic) interval between two vertices from . (See the survey on geodetic sets in graphs [5] ). The geodetic (monophonic) number ( ) ( ( )) of a graph is the minimum cardinality of a geodetic (monophonic) set in . Let the toll closure [ ] of a subset ⊆ ( ) be defined as the union of toll intervals between all pairs of vertices from , i.e.
[ ] = ∪ , ∈ ( , ). If [ ] = ( ), we call a toll set of a graph . The order of a minimum toll set in is called the toll number of and is denoted by ( ).
Since every geodetic set is monophonic, and every monophonic set is a toll set, we have ( ) ≤ ( ) ≤ ( ). For any non-trivial connected graph we obviously have 2 ≤ ( ) ≤ . Moreover, ( ) = if and only if is a complete graph . As mentioned earlier the t-convex hull of a set ⊆ ( ) is defined as the intersection of all t-convex sets that contain , and we will denote this set by [ ] .
A set is a t-hull set of if its t-convex hull [ ] coincides with ( ). The t-hull number of , denoted by ℎ( ), is the minimum among all cardinalities of t-hull sets. (Compare these definitions with those of the hull set and the monophonic hull set and corresponding hull numbers, which were defined analogously for the geodetic, respectively monophonic convexity in graphs [20] .) Given the toll interval : × → 2 and a set ⊂ ( ) we define ( ) as follows: 0 ( ) = and +1 ( ) = ( ( )) for any ≥ 1. Note that [ ] = ∪ ∈ℕ ( ). From definitions we immediately infer that every toll set is a t-hull set, and hence ℎ( ) ≤ ( ).
Let be a toll set of and let be an extreme vertex of (i.e. ( ) − { } is convex). If ∕ ∈ , then, as is a toll set, there exist , ∈ such that ∈ ( , ). But then ( ) − { } is not t-convex, which is a contradiction with being an extreme vertex. Hence all extreme vertices of a graph are contained in every toll set of . (Analogous results hold also for extreme vertices with respect to the geodetic and the monophonic convexity, see [12] .) In a similar way one can show that each extreme vertex of belongs to every t-hull set of , which is also known for hull geodetic and monophonic sets [15] .
From the proof of Theorem 3.7 follows that the toll number (as well as the thull number) of an interval graph coincides with the number of its extreme vertices. Indeed, it is proved that every vertex, which is not extreme (i.e. end-simplicial), lies on the toll interval between two extreme vertices. We infer the following
A caterpillar is a tree for which the set of vertices obtained by deleting all leaves induces a path, called the spine of the caterpillar. It is well known that among trees only caterpillars are interval graphs. By the above proposition the toll number of a caterpillar equals the cardinality of its extreme vertices which are exactly the leaves adjacent to the end-vertices of the caterpillar's spine.
To consider the toll number of trees that are not interval graphs, we need the notion of a support vertex in a tree, which is defined as a vertex, adjacent to at least one leaf of the tree.
Theorem 4.2 Let be a tree not isomorphic to a caterpillar. We have, (i) if
has at least two support vertices of degree 2 then ( ) = 2, otherwise ( ) = 3;
(ii) ℎ( ) = 2.
Proof. (i) Let be a tree not isomorphic to a caterpillar. Suppose that there exist two support vertices and in of degree 2, and let and be the two leaves such that , ∈ ( ). Clearly every vertex of ( ) − { , } lies on some tolled walk between and , hence ( ) ≤ 2, and since is a nontrivial graph, ( ) = 2. Now consider the case when has at most one support vertex of degree 2. First, we claim that ( ) > 2. Suppose to the contrary that = {ℓ 1 , ℓ 2 } is a toll set of , and assume that one of ℓ 1 and ℓ 2 , say ℓ 1 , is not a leaf. Then for the neighbor of ℓ 1 , for which the , ℓ 2 -path contains ℓ 1 , we have that [ℓ 1 ] − { } separates from ℓ 2 . By Lemma 2.3 this implies that does not lie on a tolled walk between ℓ 1 and ℓ 2 , a contradiction. Hence we derive that both ℓ 1 and ℓ 2 are leaves. It is also clear that ℓ 1 and ℓ 2 cannot be adjacent to the same support vertex (this would only be possible if was isomorphic to a path on three vertices, which is not the case). We may assume without loss of generality that the degree of the support vertex of ℓ 1 is at least 3. Let be a neighbor of that does not lie on the shortest path between ℓ 1 and ℓ 2 . Since [ℓ 1 ] separates from ℓ 2 , Lemma 2.3 implies that does not lie on a tolled walk between ℓ 1 and ℓ 2 , again a contradiction, which proves the claim.
To conclude the proof we will show that ( ) ≤ 3. Note that is a chordal graph that is not an interval graph, hence it has an asteroidal triple by Theorem 2.2. We will show that the set = { , , }, consisting of vertices that form an asteroidal triple in , is a toll set of . Let ∈ ( ) − .
If [ ] − { } separates from and , then ∈ ( , ). Similarly, if [ ] − { } separates from and or [ ] − { }
separates from and , then ∈ ( , ) or ∈ ( , ), respectively. In the still remaining case lies on a tolled walk between any two vertices in . Combining ( ) > 2 and is a toll set with cardinality 3, we get ( ) = 3.
(ii) Let be a tree not isomorphic to a caterpillar. Then, as above, we find that has an asteroidal triple , , . We claim that = { , } is a t-hull set of . In the proof of Lemma 3.2, we showed that ∈ ( , ). Thus lies in the t-convex hull of { , }. Moreover, from the proof of Theorem 4.2(i) it follows that the t-convex hull of { , , } is ( ), and therefore ℎ( ) = 2. □
We propose a further study of these two invariants in general graphs. In particular, we pose the question, in which graphs , | ( )| = ( ), and when is | ( )| = ℎ( ). Note that | ( )| is a lower bound for both invariants as is number 2.
Next we focus on the invariant that arises from the classical theorem in geometry, due to Carathéodory [8] . The Carathéodory number is the smallest integer (if it exists) such that for any subset of ( ) and any vertex ∈ [ ] , there exists ⊆ with | | ≤ and ∈ [ ] . For the monophonic convexity it was first proved that this number is 2 in chordal graphs [16] , and then this result was extended to all connected graphs, except complete graphs [14] . For the case of toll convexity we show that this is not the case and present an example of a chordal graph with Carathéodory number bigger than 2.
First let us recall a general property of Carathéodory number, which holds in any interval-convexity space. (Note that the toll convexity is an instance of an interval-convexity.) It uses a so-called redundant set ⊆ ( ), which is defined as a nonempty set with the following property (we use the t-hull here, although it is applicable for the convex hull in any convexity):
The following connection between Carathéodory number and redundant sets was proved in [14] . contains also , hence the set { , , } is not redundant. This implies that the Carathéodory number of this graph is at least 3 (it is easy to see that is in fact equal to 3).
Proposition 4.3 In any interval-convexity space, the Carathéodory number is the smallest integer such that every ( + 1)-element set is redundant.
Another two graph convexity invariants, which arise from classical convexity theorems are the Radon number and the Helly number. For instance in the monophonic convexity context they were considered by Duchet [14] . We leave the study of this and other known invariants, set in the context of toll convexity, for future work.
Toll convex sets in product graphs
In this section we study the structure of t-convex sets in some standard graph products. In fact, among the four standard graph products we consider all, except the direct product.
Recall that for all of the standard graph products, the vertex set of the product of graphs and is equal to ( ) × ( ), while in the lexicographic product ∘ (also denoted by [ ]), vertices ( 1 , ℎ 1 ) and ( 2 , ℎ 2 ) are adjacent if either 1 2 ∈ ( ) or ( 1 = 2 and ℎ 1 ℎ 2 ∈ ( )). In the strong product ⊠ of graphs and vertices ( 1 , ℎ 1 ) and ( 2 , ℎ 2 ) are adjacent whenever ( 1 2 ∈ ( ) and ℎ 1 = ℎ 2 ) or ( 1 = 2 and ℎ 1 ℎ 2 ∈ ( )) or ( 1 2 ∈ ( ) and ℎ 1 ℎ 2 ∈ ( )). Finally, in the Cartesian product □ of graphs and two vertices ( 1 , ℎ 1 ) and ( 2 , ℎ 2 ) are adjacent when ( 1 2 ∈ ( ) and ℎ 1 = ℎ 2 ) or ( 1 = 2 and ℎ 1 ℎ 2 ∈ ( )). Hence in general we have (
Let and be graphs and * be one of three a graph products under consideration. For a vertex ℎ ∈ ( ), we call the set ℎ = {( , ℎ) ∈ * : ∈ ( )} a -layer of * . By abuse of notation we will also consider ℎ as the corresponding induced subgraph. Clearly ℎ is isomorphic to . For ∈ ( ), the -layer is defined as = {( , ℎ) ∈ * : ℎ ∈ ( )}. We will again also consider as an induced subgraph and note that it is isomorphic to . A map : ( * ) → ( ), ( , ℎ) = is the projection onto and : ( * ) → ( ), ( , ℎ) = ℎ the projection onto . We say that * is nontrivial if both factors are graphs on at least two vertices.
The lexicographic product ∘ is associative but not commutative. The onevertex graph is the unit for the operation and nontrivial ∘ is connected if and only if is connected. For more fundamental properties of the lexicographic product see [21] . In [3] all nontrivial g-convex and m-convex subsets in lexicographic product of graphs have been characterized. We continue this line of research by studying t-convexity in lexicographic products.
We need yet another definition of a property of subsets of ( ∘ ), obtained in a similar, yet modified fashion, as in [3] . A set , where ⊂ ( ∘ ), is said to be non-extreme complete if ∩ = holds for all non-extreme vertices of ( ). 
is an inner vertex of a tolled walk and is non-extreme complete. Therefore ( , ℎ) ∈ and hence ⊆ . We conclude that is t-convex.
Conversely, let be a t-convex subset of ∘ . Since does not induce a complete graph (by theorem's assumption), contains three vertices that induce a path, say = ( 1 , ℎ 1 )( 2 , ℎ 2 ) ( 3 , ℎ 3 ) . First we will show that 1 ∕ = 3 .
is not complete in this case. Let be an arbitrary neighbor of 1 in . Then is a subset of ∘ (( 1 , ℎ 1 ), ( 3 , ℎ 3 )) and hence, since is t-convex, ⊆ . Also, for any neighbor of ∈ ( 1 ), the layer is a subset of . Since ∘ is connected and thus is connected, we can prove by using induction on the distance from 1 in that = ( ∘ ), which is a contradiction with theorem's assumption.
We may thus assume that 1 ∕ = 3 . Since is induced and 2 is a common neighbor of 1 and 3 in , we have ( 1 , 3 ) = 2. In particular, is not complete. Clearly 2 is included in ∘ (( 1 , ℎ 1 ), ( 3 , ℎ 3 )) and thus 2 ⊆ . If is not complete there exists an induced path of length 2 in 2 and we can continue as above by concluding that = ( ∘ ), a contradiction. Thus is complete. To prove that is non-extreme complete, consider a non-extreme vertex of ( ). As is non-extreme in ( ), there exists a tolled walk between ′ and ′′ that contains , and there exist vertices ( ′ , ℎ ′ ), ( , ℎ), ( ′′ , ℎ ′′ ) that belong to for some ℎ, ℎ ′ , ℎ ′′ ∈ ( ). Clearly, a walk ′ from ( ′ , ℎ ′ ) to ( ′′ , ℎ ′′ ) such that the first coordinates of vertices from ′ coincide with in is a tolled walk in ∘ . In particular, for any ∈ ( ), ( , ) can lie in such ′ . Hence ( , ) ∈ for all ∈ ( ) and so is non-extreme complete.
Finally, if ( ) would not be t-convex in , would clearly not be t-convex. □ Next we focus on the strong product of graphs and . The commutativity of ⊠ follows from symmetry in the definition of adjacency. All g-convex sets among strong product of graphs have been recently characterized in [27] , however as one can see from the next theorem, the result on the t-convexity does not generalize the result on g-convexity as in the case of lexicographic product. Since ∘ is isomorphic to ⊠ , Theorem 5.1 already gives a hint for the strong product. Recall that a vertex of a graph is universal, if it is adjacent to all other vertices of .
Theorem 5.2 Let ⊠ be a nontrivial, connected strong product of graphs and , and let and be the sets of all universal vertices of and , respectively. A proper subset of ( ⊠ ), which does not induce a complete graph, is t-convex if and only if (i) ( ) is t-convex in , is non-extreme complete and is complete; or
(ii) both and are nonempty proper subsets of ( ) and ( ), respectively,
every component of the graphs induced by ( ) − and by ( ) − is isomorphic to a complete graph.
Proof. If ( ) is true for , then ⊠ is isomorphic to ∘ and is t-convex by Theorem 5.1. So assume that ( ) is fulfilled. Let ( , ℎ) and ( ′ , ℎ ′ ) be arbitrary nonadjacent vertices of . Note that both must be either in
Since both possibilities are symmetric we can assume that ( , ℎ), ( ′ , ℎ ′ ) ∈ ×( ( )− ). In this case we have that ℎ ∕ = ℎ ′ and ℎℎ ′ / ∈ ( ). If there exists a vertex ( ′′ , ℎ ′′ ) from ( ⊠ ) − which is adjacent to both ( , ℎ) and ( ′ , ℎ ′ ), then ℎℎ ′′ , ℎ ′ ℎ ′′ ∈ ( ), and ℎ, ℎ ′ , ℎ ′′ are distinct vertices that belong to the same component of the graph induced by ( ) − , which is not possible by assumption since ℎℎ ′ / ∈ ( ). Hence every vertex ( ′′ , ℎ ′′ ) from ( ⊠ ) − is adjacent to at most one of ( , ℎ) and Conversely let be a proper t-convex subset of ( ⊠ ) which does not induce a complete graph. Strong product of two complete graphs is complete, hence we cannot have that both and are complete. If one factor, say , is complete, then ( ) follows by Theorem 5.1. So let us assume that both factors are not complete. There exists at least three vertices in , since does not induce a complete graph. Let ( , ℎ), ( ′ , ℎ ′ ) and ( ′′ , ℎ ′′ ) be these vertices and in addition, we may assume that ( , ℎ) and ( ′′ , ℎ ′′ ) are not adjacent, but have ( ′ , ℎ ′ ) as their common neighbor. We split the remaining part of the proof into three cases, in which we omit two symmetric cases due to commutativity. 
are tolled walks and so also { } × {ℎ, ℎ ′ , ℎ ′′ } ⊂ . Hence ℎ , ℎ ′ , ℎ ′′ ⊆ . Now we can repeat the process for , since ( , ℎ), ( , ℎ), ( , ℎ) ∈ and ( , ) = 2. Therefore we derive that = ( ⊠ ), a contradiction with the assumption.
Thus there is no vertex in at the distance 2 to , which yields that ∈ . Moreover there are at least two nonadjacent vertices and in ( ) − , since is not complete. Clearly ( , ℎ), ( , ℎ ′ ), ( , ℎ ′′ ) is a tolled walk for every ∈ ( ) and we have that ℎ ′ ⊂ . But then ( , ℎ ′ ), ( , ℎ ′ ) ∈ and ( , ) = 2. By repeating ⊐-argument for this triple we get the same contradiction as above, if there exists any vertex in at distance 2 to ℎ ′ . Therefore ℎ ′ ∈ and ⊂ . Also any common neighbor of ℎ and ℎ ′′ in must be a universal vertex and ⊂ as well as any common neighbor of and in must be a universal vertex and ⊂ . With this we have
Suppose, in order to get a contradiction, that there exists a component of the graph induced by ( ) − which is not complete. Let ℎ 1 , ℎ 2 , ℎ 3 ∈ ( ) where ℎ 1 ℎ 2 , ℎ 2 ℎ 3 ∈ ( ) and ℎ 1 ℎ 3 / ∈ ( ). This yields a tolled walk ( , ℎ 1 ), ( , ℎ 2 ), ( , ℎ 3 ) for every ∈ ( ) and so the whole layer ℎ 2 is contained in . Since ℎ 2 / ∈ there exists a vertex ℎ 4 with ℎ (ℎ 2 , ℎ 4 ) = 2 and we can use ⊐-argument for any triple ( 1 , ℎ 2 ), ( , ℎ 2 ), ( 2 , ℎ 2 ), where 1 and 2 are any nonadjacent vertices from ( ) − (note that such vertices exist since is not complete). After using ⊐-argument for all pairs of such vertices in ( )− we have that ℎ 4 is contained in . Repeating this process for all vertices in at distance 2 from ℎ 2 and at distance 2 from ℎ 4 in , we obtain a contradiction with the assumption that ∕ = ( ⊠ ). We get the same contradiction by symmetry of all arguments if there exists such a component in the graph induced by ( ) − . Therefore all components in graphs induced by ( ) − and ( ) − must be isomorphic to complete graphs. To finish the proof of Case 1 suppose, in order to get a contradiction, that there exists ( , ) ∈ where and are not universal vertices of and , respectively. Suppose that ′ ∈ ( ) is not adjacent to in and ′ ∈ ( ) is not adjacent to in .
is a tolled walk, also ( ′ , ) ∈ and we can apply ⊐-argument for ( , ), ( , ), ( ′ , ) since ′ ∈ ( ) is not adjacent to . This again results in = ( ⊠ ) which is not possible by assumption. Hence = ( × ( )) ∪ ( ( ) × ) and ( ) follows. 
. Thus we can start with ⊐-argument on ( , ℎ), ( , ℎ ′ ), ( , ℎ ′′ ), which yields the same contradiction again. Thus , ′′ ∈ and consequently ℎ ′ ⊂ . Since is not complete there exists an induced path ( , ℎ ′ )( , ℎ ′ )( , ℎ ′ ) and we have symmetric version of Case 1 for these three vertices.
Case 3:
(
By repeating ⊐-argument for any other triples that occur as in Case 1 we end with = ( ⊠ ) which gives a final contradiction and complets the proof. □
As the strong product, the Cartesian product operation is also commutative and associative see [21] 
be a shortest ( , ℎ), ( ′ , ℎ)-path in ℎ and be a shortest ( , ℎ), ( , ℎ ′ )-path in . Concatenation of and gives a shortest ( , ℎ ′ ), ( ′ , ℎ)-path in □ , which is also a tolled walk, a contradiction with t-convexity of . Hence = ( 1 □ 1 ). Clearly ( ) = ( 1 ) and ( ) = ( 1 ) are t-convex, otherwise we get a contradiction in an arbitrary -and -layer, respectively, which has a nonempty intersection with 1 and 1 , respectively.
Suppose next that | ( 1 )| = 1. Since induces a non-complete graph, we have | ( 1 )| ≥ 3 and at least two vertices of ( 1 ) are nonadjacent. Suppose that ℎ, ℎ ′ , ℎ ′′ ∈ ( 1 ), ℎ and ℎ ′′ are nonadjacent and ℎ ′ is their common neighbor.
, ℎ ′′ ) a tolled walk in □ which starts and ends in , but is not contained in . This is a contradiction, which implies that | ( 1 )| > 1 and by commutativity of the Cartesian product also
Suppose now that ( 1 ) ∕ = ( ) and ( 1 ) ∕ = ( ). We may choose the notation in such a way, that has a neighbor ′′ outside of ( 1 ) and ℎ a neighbor ℎ ′′ outside of ( 1 ). Let ′ ∈ ( 1 ) and ℎℎ ′ ∈ ( 1 ). If there exists ∈ ( 1 ) with deg 1 ( ) ≥ 3, then let , , be the neighbors of in 1 . We can assume without loss of generality that either has a neighbor / ∈ ( 1 ) or is the closest to a vertex outside 1 among all vertices in 1 with more than three neighbors from 1 . In addition we may also choose the notation so that the shortest , -path contains . First, let ∈ ( ) for / ∈ ( 1 ). The walk : ( , ℎ), ( , ℎ), ( , ℎ), ( , ℎ ′ ), ( , ℎ ′ ), ( , ℎ ′ ) is a tolled walk contradicting the t-convexity of whenever and are not adjacent to . If or are adjacent to , then we shorten for ( , ℎ ′ ) or ( , ℎ), respectively, and get the same contradiction. In the second case we let the walk start with ( , ℎ), ( , ℎ), ( , ℎ), and then continue along the vertices of in the layer ℎ to reach ( , ℎ), then move to ( , ℎ ′ ), and follow back in the layer ℎ ′ to ( , ℎ ′ ), and end with ( , ℎ ′ )( , ℎ ′ ). Note that, since is a shortest path, and can be adjacent (in addition to ) only to and to the neighbor ∕ = of on . If none of these edges appears, then is a tolled walk (by the choice of ) that contradicts t-convexity of whenever ℎ ∕ = ℎ ′ . If some of the pairs , , , form edges in , then we shorten in a similar way as in the above cases and again obtain a contradiction. We derive that 1 is isomorphic to .
If there exists an inner vertex ∈ ( ) with deg ( ) ≥ 3, then let , , be neighbors of , where , ∈ and / ∈ . A walk : ( , ℎ), ( , ℎ), ( , ℎ), ( , ℎ ′ ), ( , ℎ ′ ), ( , ℎ ′ ), ℎℎ ′ ∈ ( ), is again a tolled walk whenever and are not adjacent to . Again we can shorten this walk, if or are edges of , and obtain a tolled walk, which provides the final contradiction with t-convexity of for the proof of this implication.
For the converse suppose that = ( 1 □ ) where = , 1 is isomorphic to and every inner vertex of 1 has degree 2 in . Let = 1 . . . . Clearly □ (( , ℎ), ( , ℎ ′ )) ⊆ for any ℎ, ℎ ′ ∈ ( ) and every ∈ {1, . . . , } since is complete. So let < and let ( , ) be an arbitrary vertex of ( □ ) − . If is closer to than to in , then [( , ℎ)] − {( , )} separates ( , ) from ( , ℎ ′ ). Otherwise, if is closer to than to in , then [( , ℎ ′ )] − {( , )} separates ( , ) from ( , ℎ). Hence is t-convex by Proposition 2. 4 . □ Note that a proper non-complete t-convex set of □ does not contain any extreme vertices with respect to t-convexity.
We conclude the paper with the open problem of characterizing proper t-convex subsets in the direct (alias categorical) product of two graphs.
